Introduction
Let D be a bounded domain of C n and let f be a holomorphic self map of D. We denote by k D the Kobayashi distance on D [8] , [9] , [5] and, as in [1] , [3] , we define the small horosphere E(x, R) and the big horosphere F (x, R) of center x and radius R as follows: We say that τ ∈ ∂D is a Wolff point of f if f (E(τ, R)) ⊂ E(τ, R), for all R > 0. Denote by W (f ) the set of Wolff points of f and denote by T (f ) the target set T (f ) := {x ∈D |∃ {k n ∈ N}, z ∈ D such that f kn (z) → x as n → ∞}.
If D = ∆ = {z ∈ C : |z| < 1}, it is well known, by Schwarz's lemma, that a holomorphic map f : ∆ → ∆ has at most one fixed point in ∆. If f has a fixed point in ∆, say z 0 , then W (f ) = ∅ and T (f ) = {z 0 }. If f has no fixed points in ∆ then, by Wolff's lemma [13] [11], W (f ) is reduced to a boundary point x ∈ ∂∆ and, by the classical Denjoy theorem, T (f ) = W (f ). The same holds for self-maps of B n with no interior fixed points [6] , [7] , [10] and in particular if f is a holomorphic self-map of a strongly convex domain D with C 3 −boundary [2] . On the other hand, if the map has fixed points in D then either W (f ) = ∅ and T (f ) is a unique point in D, or T (f ) is a complex open subvariety Γ of D (affine in case D = B n ) and W (f ) = ∂D ∪Γ. In this paper we examine another type of convex domains (not strongly convex, not even with regular boundary): the polydiscs. To avoid technical complications we restrict ourselves to dimension two, so we begin studying the case of the bidisc. In this case, we characterize Wolff points of a holomorphic map f : ∆ 2 → ∆ 2 in terms of the properties of the components of the map f . Thus let f : ∆ 2 → ∆ 2 be a holomorphic self-map in the complex bidisc without fixed points in ∆ 2 . Then f (x, y) = (f 1 (x, y), f 2 (x, y)) with f 1 , f 2 : ∆ 2 → ∆ holomorphic functions in x and y. Then one of the two following possibilities holds: i) there exists Wolff point of f 1 (· , y), e ıθ1 , which does not depend on y or ii) there exists a holomorphic function F 1 : ∆ → ∆, such that f 1 (F 1 (y), y) = F 1 (y). In this case f 1 (x, y) = x ⇒ x = F 1 (y).
Note that if f = id ∆ then cases i), ii) exclude each other. Motivated by this result we make the following definition:
be a holomorphic function and let f 1 , f 2 be its components. The map f is called of: i) first type if: -there exists a holomorphic function F 1 : ∆ → ∆, such that f 1 (F 1 (y), y) = F 1 (y) and -there exists a holomorphic function
-there exists a Wolff point of f 1 (· , y), e ıθ1 , (necessarily independent of y) and -there exists a holomorphic function
-there exists a Wolff point of f 1 (· , y), e ıθ1 , (independent of y) and -there exists a Wolff point of f 2 (x, ·), e ıθ2 , (independent of x).
In case f is of first type and without interior fixed points Lemma 6) . Let e ıθ1 (respectively by e ıθ2 ) be the Wolff point of
be respectively the boundary dilatation coefficients of F 1 at e ıθ2 and of F 2 at e ıθ1 (see Lemma 6) . If f is of second type we denote by λ 2 the boundary dilatation coefficient of F 2 at e ıθ1 . Finally we let π j be the projection on the j−component. With this notation our main result is: 
2 be holomorphic and with fixed points. By a result of Viguè (see Proposition 4.1 [12] ) it follows that f 1 (·, y) and f 2 (x, ·) also must have fixed points. Notice that if dim F ix(f ) = 2 then f = id| ∆ 2 . Moreover if dim F ix(f ) = 1 we know (see Propositions 2.6.10; 2.6.24 [2] ) that F ix(f ) is a geodesic of ∆ 2 and then F ix(f ) can be parametrized as ∆ ∋ z → (g(z), A(z)) with g ∈ Hol(∆, ∆) and A ∈ Aut(∆).
be holomorphic with fixed points (up to automorphisms we can suppose that f (0, 0) = (0, 0)). Suppose that f is not an automorphism of
If f ∈ Aut(∆ 2 ) has fixed points in ∆ 2 , its components are elliptic automorphisms of ∆ and W (f ) = ∅.
Remark 4. Let denote by Γ (x,y) the flat component of ∂∆ 2 , containing the point (x, y). Point 2) of the theorem 3 says that also Γ (0,1) ∈ W (f ).
In section 2 we are going to introduce some useful tools to prove our main theorem. In particular we describe the property of the component f 1 and f 2 of the function f : ∆ 2 → ∆ 2 and we also study some property of the set ofWolff points of f. Using these results in section 3 we prove Theorem 2 and Theorem 3. Finally in section 4 we give some examples.
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Preliminary results
We need now to introduce some notation and some preliminary results, as a generalization of Julia's lemma due to Abate (Abate [1] ):
n → ∆ be a holomorphic map and let x ∈ ∂∆ n be such that
(see (Abate [1] ) for the definition).
. Using the result of Hervé [see Theorem 1 in [6] ] and Definition 1, we are going to examine the properties of f, f 1 and f 2 .
If f is a map of first type then:
(respectively e ıθ2 ). In this case we let λ 12 (respectively λ 21 ) be the boundary dilatation coefficient of
ıθ1 at e ıθ2 and (2.2) lim inf
iii) F 2 has non-tangential limit e ıθ2 at e ıθ1 and (2.3) lim inf
Proof. i). We note that if f is a map of first type then the function F 1 • F 2 cannot have fixed points in ∆ or otherwise we can build fixed points in
Similarly F 2 • F 1 has a Wolff point, say e ıθ2 ∈ ∂∆. It is well known, by classical results of Julia, Wolff and Caratheodory [2] , that: lim inf x→e ıθ ii) By Schwarz's lemma we know that
and dividing by (1 − |x|) we obtain:
be the boundary dilatation coefficient of F 2 in e ıθ1 . Thus we can conclude that: 1 ≥ λ 12 ≥ M λ 2 > 0. Note that, since M ≤ 1, it follows that λ 2 is a finite and positive number. But we also know that |F 2 (x)| → 1 for x → e ıθ1 and by Julia's lemma we can conclude that there exists a unique e ıγ2 such that the non-tangential limit of F 2 in e ıθ1 is equal to e ıγ2 , that is:
Let us consider the function (F 2 • F 1 ) : ∆ → ∆. As we proved in i), this function has Wolff point e ıθ2 . Notice that, as for λ 2 , one can prove that λ 1 := lim inf y→e ıθ 2 F 1 (y) is such that 0 < λ 1 < +∞. We are going to show that: e ıγ2 = e ıθ2 . Let us consider the sequence {(
. By the WolffDenjoy theorem it converges, uniformly on compact sets, to the constant e ıθ2 . Notice that
k → e ıθ1 as k → ∞. Let us fix y 0 ∈ ∆ and let x 0 = F 1 (y 0 ). Set
k converges uniformly on compact sets to its Wolff point we have that:
k (y 0 )) = e ıθ2 thus we can conclude that e ıγ2 = e ıθ2 . iii). The last thing we need to prove is that F 1 has non tangential limit e ıθ1 at e ıθ2 . This can be done proceeding as before. Using Julia-Wolff-Caratheodory theorem [14] , [2] we obtain that λ 1 = λ12 λ2 , λ 2 = λ21 λ1 and, in particular λ 21 = λ 1 λ 2 = λ 12 . It's clear that λ 1 > 1 implies λ 2 < 1 (and the converse is also true.). To simplify notations, up to automorphisms, from now on assume e ıθ1 = e ıθ2 = 1. Let α f1 = denote the number defined in theorem 5 for the function f 1 at the point (1, 1) :
Proof. Let consider the holomorphic function ϕ : ∆ → ∆ defined by ϕ(ξ) = f 1 (ξ, ξ) and let α ϕ be the boundary dilatation coefficient of the map ϕ at the point 1. Let |||(z, w)||| := max{||z||, ||w||}. Since (see lemma 3.2 [1] ) lim inf t→1 − 1−|f1(t,t)| 1−|t| = α f1 then we have that
And α ϕ = lim inf ξ→1
= α f1 and we can conclude that α ϕ = α f1 . But since f 1 (E((1, 1) , R)) ⊆ E(1, R) ∀ R > 0 then α ϕ ≤ 1 and this ends the proof. Proposition 8. Let f = (f 1 , f 2 ) : ∆ 2 → ∆ 2 be holomorphic and without fixed points in
. If either i) f is of first type and λ 1 > 1 or ii) f is of second type and λ 2 > 1,
Proof. i) Let consider (x 0 , y 0 ) ∈ E(1, R 1 ) × E(1, R 2 ). We have:
. This end the proof of the point i). ii). By hypotesis it follows immediately that R 1 ≥ R 2 and then we have:
So it remains to examine the second component f 2 . Again by hypotesis we have that λ 2 = R2 R1 and we can proceed as above and we prove that f 2 (E(1, R 1 ) × (E(1, R 2 ))) ⊆ E(1, R 2 ) and it concludes the proof of the point ii). Proposition 9. Let f = (f 1 , f 2 ) : ∆ 2 → ∆ 2 be holomorphic and without fixed points in
Dim. Let Γ (x,y) denote the flat component of the boundary of ∆ 2 containing the point (x, y) ∈ ∂∆ 2 . We can consider the following cases: 1) "z, w ∈ W (f ) ∩ Γ (0,1) ." In this case every point of the component Γ (0,1) is a Wolff point. Indeed, if x ∈ Γ (0,1) then F (x, R) = E(x, R) and in particular they coincide with E(z, R) = F (z, R) = E(w, R) = F (w, R). Thus if a point of the flat component Γ (0,1) is a Wolff point then every point of this component is a Wolff point. We can conclude that there exists a continuos path, of Wolff points, that links z and w.
2) "z ∈ W (f ) ∩ ∂Γ (0,1) and w ∈ W (f ) ∩ Γ (0,1) ." w ∈ W (f ) implies that every point of the flat component Γ (0,1) is a Wolff point then, it is sufficient consider the radius linking z and w.
3) "z ∈ W (f ) ∩ Γ (0,1) and w ∈ W (f ) ∩ Γ (1, 0) ." Every point of the flat components Γ (0,1) and Γ (1,0) is a Wolff point of f . By definition of Wolff points and horosphere, it follows that: f (E(1, R)×E(1, R)) = f ((∆×E(1, R))∩(E(1, R)×∆)) ⊆ E(1, R)×E(1, R) ∀ R > 0 and (1, 1) ∈ W (f ); thus there is a continuos path that links z and w, passing through the point (1, 1).
We are now going to prove that there isn't any other possibility. In fact the following cases are not possible: a) "∃ z ∈ W (f )∩Γ (0,1) e ∃w ∈ W (f )∩Γ (0,−1) ." In this case, by definition of Wolff point, we would have:
And if we consider y 0 ∈ E(1, R 1 ) ∩ E(−1, R 2 ) and x ∈ ∆ we would have: f 2 (x, y 0 ) = y 0 ∀ x ∈ ∆. But it is possible only if f 2 (x, y) = y for all x ∈ ∆ and it isn't our case.
We can suppose that z = (−1, 1) and w = (1, 1). Then f 2 (∆ × E(1, R)) ⊆ E(1, R) ∀ R > 0 and f 2 (∆ × E(−1, R)) ⊆ E(−1, R) ∀ R > 0. Again, if we take y 0 ∈ ∂E(1, R 1 ) ∩ ∂E(−1, R 2 ) per opportuni R 1 , R 2 > 0 we obtain that f 2 (x, y 0 ) = y 0 ∀ x ∈ ∆. But it is possible only if f 2 (x, y) = y ∀ x ∈ ∆ and it isn't our case. c) " (1, 1) ; (−1, −1) ∈ W (f )". In this case we have
and consequently: f (0, 0) = 0, but it is not possible because we supposed f without fixed points in the bidisc.
Wolff points
We are finally ready to prove our main result , theorem 2, taking e ıθ1 = e ıθ2 = 1 :
Proof of Theorem 2. We are going to prove every statement in the direction " ⇐." ii). Let apply Lemma 5 to the holomorphic function f 1 : ∆ 2 → ∆ and let us study:
Consider the direction x = F 1 (w) y = w. We obtain: ω(0, x) = ω(0, F 1 (w)) and
If we look at ( 3.1) along the direction w k we obtain:
Then, by ( 3.1), there exists τ 1 ∈ ∂∆ such that f 1 (E(1, 1), R) ⊆ E(τ 1 , R) ∀ R > 0.
In particular f 1 admits restricted E-limit τ 1 . Let apply again the 3.1 to the map f 2 : ∆ 2 → ∆ along the direction x = z ; y = F 2 (z). Proceeding as above, we obtain lim inf (x,y)→(1,1) K ∆ 2 ((0, 0), (x, y)) − ω(0, f 2 (x, y)) = 0. Then there exists τ 2 ∈ ∂∆ such that f 2 (E(1, 1), R) ⊆ E(τ 2 , R) ∀ R > 0 and f 2 admits restricted E-limit τ 2 . We claim that τ 1 = τ 2 = 1. Consider the curves σ 1 (t) = (F 1 (t), t) and σ 2 (t) = (t, F 2 (t)); t ∈ [0, 1). These curves, σ 1 , σ 2 , are peculiar (1, 1)−curves. Furthermore
Since τ 1 , τ 2 , are respectively restricted E-limit of f 1 and restricted E-limit of f 2 then we can conclude that τ 1 = 1 and f 1 (E((1, 1) , R)) ⊆ E(1, R) ∀ R > 0; τ 2 = 1 and f 2 (E((1, 1) , R)) ⊆ E(1, R) ∀ R > 0. Thus if f is of first type and λ 1 ≤ 1, λ 2 ≤ 1 then:
and in particular τ = (1, 1) ∈ W (f ). Notice that, by the proof of Lemma 9, points as (−1, 1) and (1, −1) cannot be Wolff point of f , because they are on the Silov boundary of the same flat component of the point (1, 1) . Furthermore, also, no points of the flat components Γ (0,1) , Γ (1, 0) can be Wolff points of f otherwise, by definition, the point 1 would be a Wolff point for f 1 (·, y) and f 2 (x, ·) and it isn't possible because f 1 (·, y) has fixed points described by the function F 1 and f 2 (x, ·) has fixed points described by the function F 2 . By lemma 9, we know that W (f ) is arcwise connected, then the unique Wolff point of f must be (1, 1). i) Since F 1 is a holomorphic self-map of ∆, there are at most two possibilities : F 1 (y 0 ) = y 0 for some y 0 ∈ ∆ or F 1 has a Wolff point τ 1 = 1. We can suppose, τ 1 = −1. In this last case we have K − lim y→−1 F 1 (y) = −1 and the angular derivative of F 1 in {−1} is δ 1 ≤ 1. Suppose (F 1 (w), w) ) − ω(0, F 1 (w)) = 1 2 log λ 1 < +∞ and by Julia's lemma for polydiscs f 1 admits restricted E-limit τ 1 = 1. Then the inferior limit (3.1) is bounded. Let α denote this inferior limit. This is a sort of "boundary dilatation coefficient" of f 1 in (1, 1) . We can write:
Let consider the holomorphic function ϕ : ∆ → ∆ defined by ϕ(ξ) = f 1 (ξ, ξ). By Lemma 7,
has a fixed point in ∆. We also know that σ(t) = (t, t) is a peculiar (1, 1)−curve then f 1 (t, t) → 1 when t → 1 − . It follows that the point 1 is a fixed point of ϕ on the boundary of ∆ and since ϕ has a fixed point then it must be α f1 = α ϕ > 1. By Lemma 7, this condition is sufficient to say that the point (1, 1) cannot be a Wolff point for the map f. In fact we have: (E((1, 1) , R)) ⊆ E(1, R) and the point (1, 1) cannot be a Wolff point of f . Suppose, now, F 1 has no fixed points. Then lim inf (x,y)→(−1,−1) max{(ω(0, x), ω(0, y))} − ω(0, f 1 (x, y)) ≤ lim inf w→−1 ω(0, F 1 (w)) − ω(0, F 1 (w)) = 0, and then by lemma 3.1, f 1 has restricted E-limit, say τ ∈ ∂∆, in (−1, −1). Furthermore σ 1 (t) = (F 1 (t), t) is a peculiar (−1, −1)−curve and then, proceeding as before we have that τ = −1 and f 1 (E(−1, R) × E(−1, R)) ⊆ E(−1, R) ∀ R > 0. If the point (1, 1) is a Wolff point of f we have: f 1 (E(1, R) × E(1, R)) ⊆ E(1, R) ∀ R > 0, and then, chosen R > 0 such that {0} ∈ ∂E(1, R) ∩ ∂E(1, R) we will have (0, 0) ∈ ∂E((1, 1), R)) ∩ ∂E((−1, −1), R)) and thus f 1 (0, 0) ∈ E(1, R) ∩ E(−1, R) = {0} ⇒ f 1 (0, 0) = 0 ⇒ F 1 (0) = 0. But it isn't possible because we supposed that F 1 has no fixed points in ∆. So, also in case i) the point (1, 1) cannot be a Wolff point of f . We can note, now, that the flat component of the boundary cannot be a Wolff component of f for otherwise f 1 (·, y) or f 2 (x, ·) would have Wolff points but it isn't possible because, in this case, they have, both, fixed points in ∆. By Lemma 9 we know that two points on the Silov boundary of the same flat component cannot be, at the same time, Wolff point of the map f . Furthermore W (f ) is arcwise connected, so we have just one more possibility: there is one point (different from (1, 1) ) on the Silov boundary that is the Wolff point of f . But:
-the point (1, −1) cannot be Wolff points of f because otherwise we would have
Chosen 0 ∈ ∂E(−1, R)∩E(1, R) and , 1) , R)] and we obtain f 2 (x, 0) = 0 ∀ x ∈ E(1, R) and then F 2 (x) ≡ 0 but it is inconsistent with our hypothesis. So the point (1, −1) cannot be Wolff points of f.
-the point (−1, −1) cannot be Wolff point of f because otherwise f 2 (E(−1, R) × E(−1, R)) ⊆ E(−1, R) ∀ R > 0. As above, chosen 0 ∈ ∂E(−1, R) ∩ E(1, R) we have f 2 (0, 0) = 0 that implies F 2 (0) = 0 but it isn't possible because F 2 has Wolff point 1.
-the point (−1, 1) cannot be Wolff point of f . This last statement follows by the point i) of Proposition 8 Indeed if (−1, 1) were a Wolff point, we would have:
, ∃ x 0 ∈ ∂E(−1, R) ∩ ∂E(1, R 1 ) such that f (x 0 , y) = (x 0 ,ỹ) for all y ∈ E(1, R 2 ) and also Consequently: f (0, 0) = (f 1 (0, 0), f 2 (0, 0)) = (0, 0) but it is inconsistent with the hypothesis that f has not fixed point in ∆ 2 . Also the points {(−1, −1)} e {(1, −1)} cannot be Wolff points of f, because we already know that {(1, 1)} and {(−1, 1)} are Wolff points of f . In fact if {(−1, −1)} ∈ W (f ) were we would have:
As done before, we can choose {0} ∈ ∂E(1, R) ∩ ∂E(−1, R) and we obtain: f (0, 0) = (f 1 (0, 0), f 2 (0, 0)) = (0, 0) but it isn't possible. In the same way we can prove that {(−1, 1)} / ∈ W (f ). Then: W (f ) = {{−1} × ∆} ∪ {(−1, 1)} ∪ {∆ × {1}} ∪ {(1, 1)} ∪ {{1} × ∆} and it ends the proof of the theorem.
We can end this section proving theorem 3. Recall that by hypothesis f i (0, 0) = (0, 0) and F i (0) = 0, i = 1, 2. Moreover if we denote by K((0, 0), R) the kobayashi disk centered in (0, 0) with radius R, we have that 
we obtain that f (x, y 0 ) = (x 1 , y 0 ) for every x ∈ ∆. Then f 2 (x, y) = ybut it a contradiction because, in this case dim F ix(f ) = 0 and also dim F ixf 2 = 0. Now, suppose that dimF ixf = 1.
Since, by definition, K((0, 0), R 1 ) is the product of two Poincaré discs of radius R 1 , we can take (0, 0) = (x 0 , x 0 ) = [∂(E(1, 1), R) ∩ ∂K((0, 0), R 1 )). We have that (x 0 , x 0 ) must be fixed by f. We can do the same thing for every point (x, x) ∈ ∆ 2 , changing the radius R 1 . Then F ix(f ) is equal to the geodesic (z, z). On the other hand if A(z) = g(z) = z then (1, 1) ∈ W (f ) and every point of the boundary of F ixf ∈ W (f ). To prove this fact it is sufficient to apply lemma 5 and study the inferior limit 2.1 along the direction (t, t), as in the proof of the theorem 2.
2), 3) If (0, 1) is a Wolff point then every point of Γ (0,1) is a Wolff point for f. Then f (∆ × E(1, R)) ⊆ (∆ × E(1, R)) for all R > 0 and in particular, chosen x 0 ∈ ∆, we have f 2 (x 0 × E(1, R)) ⊆ E(1, R) for all R > 0. It would happen for every x 0 and then the point 1 would be a Wolff point for f 2 and it is possible only if f 2 = π 2 . Using our notation it means that it happen only if A = id. Otherwise W (f ) = ∅. On the other hand if A(z) = id the point (0, 1) ∈ W (f ) and it follows trivially by definition.
Examples
We can now give an example for each case of the theorem: Example i) of theorem 2 We are going to give an example of a holomorphic self map f, of the complex bidisc, without fixed points and without Wolff points. Let consider: f (x, y) = ( 1 2 (x + F 1 (y)), 1 2 (y + F 2 (x))) with F 1 and F 2 holomorphic self map of the unit disc ∆. We can choose F 1 and F 2 such that f hasn't fixed points in ∆ 2 that is for example: F 1 (y) = y 2 and F 2 (x) = 3x+1 x+3 . We are going to prove that the point (1, 1) isn't Wolff point for f. By lemma 7 it will be sufficient prove that the limit ( 2.1) is strictly greater than 0. Then ∀ R > 0 f 1 (E((1, 1) , R)) ⊆ E(1, α f1 R) with α f1 > 1 and consequently, by the previous proof (1, 1) cannot be a Wolff point for f. Furthermore, by the proof of i) we can conclude that there isn't any other Wolff point.
Example ii) of theorem 2: f (x, y) = ( 
